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1 .  INTRODUCTION. 
One o f  o u r  m o t i v a t i o n  i s  t o  i n t r o d u c e  a  n o t i o n  of convergence 
w e l l  adapted  t o  t h e  s t u d y  o f  e x t r e m a l  problems t h a t  c a n  n o t  be  redu- 
ced t o  min imiza t ion  problems.  For example,  l e t  u s  c o n s i d e r  a  sequence  
o f  v a r i a t i o n a l  i n e q u a l i t i e s  
where E is  a  pa ramete r  d e s c r i b i n g  an approx imat ion ,  o r  a  p e r t u r b a t i o n ,  
homogenizat ion.  . . procedure .  The o p e r a t o r s  (AE ) > 0 ,  t h e  c o n t r a i n t s  
K~ a r e  v a r y i n g  w i t h  E ,  and t h e  problem is  t o  d e t e r m i n e  t h e  b e h a v i o u r ,  
a s  E goes  t o  z e r o ,  o f  t h e  s o l u t i o n s  ( u E )  E > O  o f  t h e  c o r r e s p o n d i n g  
problems ( I E ) .  When t h e  o p e r a t o r s  AE a r e  s u b d i f f e r e n t i a l s  o f  convex 
f u n c t i o n a l s  and K€ is  convex, t h e  problems (1,) can  b e  viewed a s  mini-  
m i z a t i o n  ones ;  b u t  i n  g e n e r a l  ( t a k e  AE g e n e r a l  o p e r a t o r s  o f  t h e  
c a l c u l u s  o f  v a r i a t i o n s ,  f o r  example non symmetric  second o r d e r  
e l l i p t i c  o p e r a t o r s ,  p a r a b o l i c  o p e r a t o r s  ... ) ( I E )  d o e s  n o t  come from 
a  min imiza t ion  problem. However, it can  always b e  e x p r e s s e d  a s  a  
s a d d l e  v a l u e  problem,  under r a t h e r  g e n e r a l  a s s u m p t i o n s ,  a s  a l r e a d y  
n o t i c e d  by Glowinski ,  L ions  and Tremol ik res  [ I ] ,  see a l s o  
R o c k a f e l l a r  [13] . 
1.2  PROPOSITION. L e t  V be  a  v e c t o r  s p a c e  and d e n o t e  b y  V '  i t s  d u a l  
s p a c e .  G i v e n  A : V - V ' ,  a  monotone o p e r a t o r ,  i . e .  f o r  a22 
x,  y  c V,  < Ax - Ay, x - y > ?; 0, and  @ : V -1-=I+-]  a  
r e a l - v a l u e d  f u n c t i o n  d e f i n e d  on V, $I m ,  f o r  any  f E V '  , t h e  
f o Z l o w i n g  s t a t e m e n t s  a r e  e q u i v a l e n t  : 
( i )  u  i s  a  s o l u t i o n  o f  t h e  v a r i a t i o n a l  i n e q u a l i t y  
( 1 . 3 )  < A u  - f ,  v  - u > + @ ( v )  - @ ( u )  2 0 V V E V  
- 
(ii) (;,u) i s  a saddle point of the function H : VxV - 7 R  
H ( u , v )  = < AU - f l  u - v > + @ ( u )  - @ ( v ) .  
PROOF. By d e f i n i t i o n  o f  H I  u  i s  a  s o l u t i o n  o f  t h e  v a r i a t i o n a l  i n e -  
q u a l i t y  ( 1  .3 )  , i f  and o n l y  i f  
(1 .4)  H ( U , V )  s 0 ,  f o r  a l l  v  r V.  
that ( u l v )  = 0  whenever u  i s  a  s o l u t i o n  o f  (1 .3)  . Thus 
it n e c e s s a r i l y  s a t i s f i e s  
H ( U , V )  d H ( U , U )  f o r  a l l  v  E V. 
On t h e  o t h e r  hand, f o r  a l l  w c V 
H ( w , u )  = < AW - f ,  w - u > + @ ( w )  - $ ( u )  
= < Aw - Au, w - u > + < A u -  f ,  w - u > + $(w)  - @ ( u )  
= < AW - Au, W - u > - H ( u , w )  
2 0. 
T h i s  l a s t  i n e q u a l i t y  f o l l o w i n g  from t h e  monoton ic i ty  o f  A and ( 1 . 4 ) .  
So, f o r  a l l  v  L V and w B V, H ( u , v )  6 H(u ,u )  S H(w,u) which means 
t h a t  ( u , u )  i s  a  s a d d l e  p o i n t  o f  H .  
Converse ly  i f  u  i s  a s a d d l e  p o i n t  o f  H I  f o r  a l l  v  E V 
which from (1 .4 )  i m p l i e s  t h a t  u  is  a  s o l u t i o n  o f  t h e  v a r i a t i o n a l  
i n e q u a l i t y  ( 1.3)  .a 
1  L e t  u s  now examine a n  i m p o r t a n t  example : t a k e  V = H o ( R ) ,  R 
N - 1  
a  bounded r e g u l a r  open set i n s  , V' = H (Q). 
where t h e  a i j  6 L~ ( R )  s a t i s f y  : 
w i t h  X o  > 0 and M independent  of  x and E .  We do n o t  r e q u i r e  t h a t  
E t h e  m a t r i x  (a:j 1 be symmetric ,  i . e .  a i j  i s  n o t  n e c e s s a r i l y  e q u a l  
E: T h i s  c l a s s  o f  problems is  b e i n g  s t u d i e d  by A .  B r i l l a r d .  
to 
For s i m p l i c i t y ,  w e  o n l y  c o n s i d e r  t h e  c a s e  w i t h  no c o n s t r a i n t s  on u ,  
i . e .  K' = V or  e q u i v a l e n t l y  @' Z 0. So, t h e  v a r i a t i o n a l  i n e q u a l i t i e s  
( l . l E )  r educe  t o  t h e  l i n e a r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  ALu = f .  
G The n a t u r a l  n o t i o n  o f  convergence  AE - A ,  a s  i n t r o d u c e d  by D e  
G i o r g i  and Spagnolo [ 2 ]  and Murat and T a r t a r  [ 3 1 ,  is  
(1 .5 )  f o r  a l l  f  G H-' ( n )  : uE = ( A E ) - ' ~ -  = ( ~ ) - l f ,  
w-v 
i .e .  f o r  t h e  weak t o p o l o g y  o f  H;(R) . L e t  u s  examine what i s  t h e  
co r respond ing  n o t i o n  o f  convergence  f o r  t h e  s a d d l e - f u n c t i o n s  
1.7.  PROPOSITION. The f o 2 l o w i n g  s t a t e n e n t s  a r e  e q u i v a l e n t  : 
G ti) A'- A 
(ii) HE: + H i n  t h e  f o l Z o w i n g  s e n s e  : f o r  e v e r y  u , v  6 V 
where  - d e n o t e s  w e a k - c o n v e r g e n c e .  
(1 .8 )  
G PROOF. L e t  u s  f i r s t  n o t e  t h a t  AE - A i f  and o n l y  i f  ( ~ € 1 ~  -% At 
where and At a r e  t h e  e l l i p t i c  o p e r a t o r s  w i t h  t h e  t r a n s p o s e d  
m a t r i x  (a:j)t = agi and ( a i j )  - 
- a j i .  
V u  - u  3 v ,  
E: 
A v  s u c h  t h a t  l i m  i n f  H' ( u E , v E )  2 H ( u . v )  , 
E ' 0 
V v  - v  3 u c -  
E u  s u c h  t h a t  H ( u , v )  2 l i m  s u p  H ~ ( U ~ , V ~ ) .  E'O 
L e t  u s  f i r s t  v e r i f y  t h a t  (i) =3 i .  Fix  u - u and 
v E V. We a r e  l o o k i n g  f o r  a sequence vE v s u c h  t h a t  
L e t  wE be t h e  s o l u t i o n  o f  
By t h e  d e f i n i t i o n  o f  G-convergence f o r  t h e  sequence o f  o p e r a t o r s  
E  t (A ) t o  At,  a s  E C 0 w e  have 
i n  t h e  weak t o p o l o g y  o f  V. S e t  
v = u  - W  . 
E E E 
Then vE u - ( u  - v )  = v and uE - v = w . Hence E E 
as f o l l o w s  from ( 1 . 9 ) .  L e t t i n g  E t e n d  t o  0,  w e  g e t  
T h i s  ccmple tes  t h e  p roof  o f  t h e  f i r s t  p a r t .  o f  (1 . a ) .  Next,  f i x  
- 
vE 2 v and i € V. T h i s  t i m e  w e  s e a r c h  f o r  a sequence uE - u 
s u c h  t h a t  
< ~ i i ,  ii  - v > 2 l i m  sup < A ~ U  u - v E  >. 
E+O 6 '  E 
- 
L e t  u be t h e  s o l u t i o n  o f  t h e  e q u a t i o n  AEu = Au . Then 
E 
E < A u E ,  UE - V E  > = < A:, uE - v E  > 
and s i n c e  u - ii and v E  . v w e  g e t  
E 
Next w e  prove t h a t  (ii) =3 (i) , t h a t  is  t o  s a y ,  w e  v e r i f y  i f  t h e  
convergence o f  t h e  s a d d l e  f u n c t i o n s  Hn h a s  t h e  d e s i r e d  v a r i a t i o n a l  
p r o p e r t i e s .  Fix f  e V and f o r  E > 0 ,  l e t  uE denote  t h e  s o l u t i o n  
of t h e  equa t ion  A ~ U  = f .  The uniform coerc iveness  of t h e  o p e r a t o r s  
fiE y i e l d s  t h e  boundedness of t h e  uE i n  V. Pass ing  t o  a  subsequence 
i f  necessary,  we have t h a t  
f o r  some u. To complete t h e  proof we need t o  show t h a t  AE = f .  This  
w i l l  fo l low from t h e  uniqueness of t h e  s o l u t i o n  of  t h e  equa t ion  
Au = f .  From ( 1 . 8 ) ,  f o r  any v  tz V t h e r e  e x i s t s  vE - v such t h a t  
l i m  i n f  < AEuE, uE - v > 2 < AK, - v > 
E 
E' 0 
which means t h a t  
- 
l i m  i n f  < f ,  uE - v > 2 < A:, u - v > 
E' 0 E 
o r  s t i l l  
and thus  f o r  a l l  v  E V 
< ~ U - f , U - v > s o  
and AZ = f .  0 
I n  t h e  preceeding example, we l i k e  t o  s t r e s s  t h e  f a c t  t h a t  
t h e  s add le  func t ions  H€ a r e  no t  convex-concave. The l a c k  o f  con- 
v e x i t y  comes from t h e  non-symmetry of t h e  monotone o p e r a t o r s  A ~ .  
Note a l s o  t h a t  i n  t h i s  example i s  n o t  q u i t e  necessary  t o  r e q u i r e  
both p a r t s  o f  (1.81, s i n c e  t h e  f i r s t  p a r t  imp l i e s  t h e  second. This  
w i l l  n o t  be t h e  ca se  i n  g e n e r a l ,  bo th  c o n d i t i o n s  of (1 .8)  a r e  
u s u a l l y  necessary t o  o b t a i n  t h e  d e s i r e d  v a r i a t i o n a l  p r o p e r t i e s .  
Our nex t  example i s  i n t e n t e d  t o  i l l u s t r a t e  t h e  problems t h a t  
a r i s e  i n  connect ion wi th  Lagrangians and Hamiltonians.  L e t  u s  
cons ide r  t h e  fol lowing c l a s s  of  op t imiza t ion  problems, f o r  v = 1 ,  
2 , .  .. 
Minimize fx ( x )  
s u b j e c t  t o  f y ( x )  5 0 
X ' E  C C X  
with  X a r e f l e x i v e  Banach space and C a c lo sed  s u b s e t .  The asso-  
c i a t e d  Lagrangian f u n c t i o n  i s  
m 
+ 1 Yi f y ( x )  i f  x c C and y 2 0 
v i= 1 
+ m i f x d C a n d y L O  
- w otherwise .  
W e  t h i n k  of t h e  problems (1.1OV) and t h e i r  Lagrangians  a s  t h e  
approximates of  some l i m i t  problem : 
(1.12) Minimize f ( x )  
s u b j e c t  t o  f i ( x )  I 0 i = l , . . . , m  
x e  C c X  
wi th  a s s o c i a t e d  Lagrangian 
I + -  i f x  + C a n d y ?  0 
I -  w otherwise .  
A t y p i c a l  s i t u a t i o n  is when t h e  problems (1.10,) a r e  ob t a ined  from 
(1.12) a s  t h e  r e s u l t  o f  p e n a l i z a t i o n  o r  b a r r i e r  terms being added 
t o  t h e  o b j e c t i v e ,  or when t h e  (1.1OV) a r e  t h e  r e s t r i c t i o n s  of  (1.12) 
t o  f i n i t e  dimensional  subspaces  o f  X I  and so on. I n  p a r t i c u l a r ,  
when d e a l i n g  w i th  numerical  p rocedures ,one  is  n a t u r a l l y  i n t e r e s t e d  
i n  t h e  convergence of  t h e  s o l u t i o n s ,  b u t  a l s o  i n  t h e  convergence 
of  t h e  m u l t i p l i e r s ,  f o r  reason  o f  s t a b i l i t y  [4] or t o  be a b l e  t o  
c a l c u l a t e  r a t e s  o f  convergence such a s  i n  augmented Lagrangian 
v 
methods. From t h e  -convergence of t h e  I f i ,  v = 1 ,  . . . I  t o  t h e  f i  
one c a n n o t  conc lude  i n  g e n e r a l  t h a t  t h e  f e a s i b l e  sets 
v  sv = { X  c c / f i ( x )  1 0 ,  i = 1 , .  .. ,m) 
converge  t o  t h e  f e a s i b l e  set o f  t h e  l i m i t  prob lem,  
s = { x  E c l f i ( x )  S 0 ,  i = l , . . . , m l -  
A f o r t i o r i ,  it i s  n o t  p o s s i b l e  t o  o b t a i n  t h e  convergence  o f  t h e  
i n f i m a  o r  o f  t h e  o p t i m a l  s o l u t i o n s .  However, t h e r e  a r e  some r e l a t i -  
v e l y  weak c o n d i t i o n s  t h a t  c a n  be  imposed on t h e  convergence  o f  t h e  
o b j e c t i v e s  and o f  t h e  c o n s t r a i n t s  t h a t  w i l l  g u a r a n t e e  t h e  conver -  
gence  o f  t h e  L a g r a n g i a n s  L t o  L i n  a s e n s e  s i m i l a r  t o  t h a t  i nduced  
v  
by G-convergence on  t h e  s a d d l e  f u n c t i o n s  ( 1 . 6 )  a s s o c i a t e d  w i t h  t h e  
p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  AEu = f  . The s o u g h t  f o r ,  convergence  
o f  t h e  s o l u t i o n s  und m u l t i p l i e r s  w i l l  e n s u e .  
- 
Given { f ; f v  : X - R ,  v  = 1 . .  a c o l l e c t i o n  o f  func-  
t i o n s ,  we s a y  t h a t  t h e  f V  e p i - c ~ n v e r g e n c e  t o  f  i f  f o r  a l l  x  




(1  . 15 )  v  t h e r e  e x i s t s  x  7 x w i t h  l i m  s u p  f  ( x V )  5 f  ( x ) .  
v V+=" 
AS i s  well-known, ep i - convergence  i s  n e i t h e r  i m p l i e d  n o r  does  
it imply p o i n t w i s e  convergence ,  b u t  t h e y  c o i n c i d e ,  f o r  example,  
i f  t h e  sequence  o f  f u n c t i o n s  i s  monotone, e i t h e r  i n c r e a s i n g  o r  
d e c r e a s i n g  ( p r o v i d e d  f i s  lower  s e m i c o n t i n u o u s ) .  W e  have  s o - c a l l e d  
c o n t i n u o u s  convergence  i f  c o n d i t i o n  ( 1 . 1 5 )  i s  r e p l a c e d  by t h e  s t r o n -  
g e r  r e q u i r e m e n t  
V f o r  a l l  x  + x ,  l i m  s u p  f  ( x v )  6 f ( x ) .  
v V t m  
Cont inuous  convergence  i s  much s t r o n g e r  t h a t  b o t h  e p i -  and 
po in twise -convergence .  
v  1.17 PROPOSITION. Suppose  t h e  I f o .  v  = 1 ,  . . . I  e p i - c o n v e r g e  
fo ,  and f o r  a l l  i = 1 .... ,m. t h e  { f y .  v = I . . .  . I  c o n t i n u o u s l y  
c o n v e r g e  t o  f i .   hen, t h e  a s s o c i a t e d  1 .agrangian f u n c t i o n s  L c o n -  v  
v e r g e  t o  t h e  L a g r a n g i a n  L i n  t h e  f o l l o w i n g  s e n s e  : f o r  aZZ x  E X 
and y  E Y 
I f o r  any  x  + x , t h e r e  e x i s t s  yv - y  s u c h  t h a t  
v  
l i m  i n f  L  ( x v I y v )  2 L ( ~ . Y )  
v-tm 
f o r  any y  ---t y  , t h e r e  e x i s t s  x  - x  s u c h  t h a t  
v  v  
l i m  sup L ~ ( x ~ ~ Y ~ )  L ( X I Y ) .  
v-+- 
Moreover ,  s u p p o s e  t h a t  t h e  L a g r a n g i a n s  L c o n v e r g e  t o  L i n  t h e  above  
v  
s e n s e ,  and f o r  some s u b s e q u e n c e  {vk. k  = 1 ,  . . . I  t h e  s e q u e n c e  
-k -k - - -k { ( X  .y ) ,  k  = 1 , .  ..I, w h i c h  c o n v e r g e  t o  ( x , y )  i s  s u c h  t h a t  x  s o l v e s  
p r o b l e m  (1.10 ) and yk i s  a  ( L a g r a n g e l  m u l t i p t i e r .  Then Ti s o l v e s  
- 
Vk 
( 1  -12)  and  y  i s  an a s s o c i a t e d  m u l t i p l i e r .  
PROOF. W e  s t a r t  by showing. t h a t  t h e  c o n d i t i o n s  imposed on t h e  f x  
and if:, i = 1 . . . . . m I  y i e l d  ( 1  1 8  . L e t  xv be any sequence conver-  
s i n g  t o  x  and set yv = y  f o r  a l l  v .  W e  have t o  v e r i f y  t h a t  when 
x e C a n d y 2  0 
m m 
v  l i m  i n £  ( f o ( x v )  + 1 yi f i  (5) t f 0 ( x )  + 1 Yi f i  ( X I  
v+w i= 1 i = l  
t h e  c a s e s  when y  1 0 a n d / o r  x  4 C a r e  a u t o m a t i c a l l y  s a t i s f i e d .  
S ince  C i s  c l o s e d ,  any sequence t h a t  converges  t o  x  C i s  such 
t h a t  xv E X\C f o r  v  s u f f i c i e n t l y  l a r g e .  The i n e q u a l i t y  i n  f a c t  
f o l l o w s  d i r e c t l y  from (1.14) which i s  s a t i s f i e d  by b o t h  t h e  e p i -  
v  
convergence o f  t h e  f o  and t h e  c o n t i n u o u s  convergence o f  t h e  £ X I  
Next w e  have t o  v e r i f y  t h a t  f o r  any sequence yv - y ,  
t h e r e  e x i s t s  xv - x  such  t h a t  when x  c C .  and y  2 .  0 
m m 
V V l i m  s u p  ( f o  ( x v )  + 1 Y: fi(xVI I f o  ( X I  + I yi f i  ( X I .  
V- i= 1  i = l  
When x  4 C o r / a n d  y  4 0  t h e  d e s i r e d  r e l a t i o n  between l i r n  sup  L  
y+ +m v 
and L  i s  a u t o m a t i c a l l y  s a t i s f i e d .  The p r e c e e d i n g  i n e q u a l i t y  t h e n  
f o l l o w s  from (1 .15)  and ( 1 . 1 6 ) .  
I f  c k s o l v e s  (1.10 ) and yk i s  an  a s s o c i a t e d  m u l t i p l i e r  , Vk 
w e  have t h a t  f o r  i = 1 ,  ..., m 
-k k  -k -k vk (-k y  2 0  , f i ( x  ) I 0  and yi f i  x ) = 0,  
and 
-k 
x  E argmin 
X E C  i = l  1 
T h i s  i s  e q u i v a l e n t  t o  : f o r  a l l  x  and y  
w i t h  t h e  f i r s t  i n e q u a l i t y  e q u i v a l e n t  t o  t h e  f i r s t  p a r t  o f  t h e  
o p t i m a l i t y  c o n d i t i o n s  and t h e  second i n e q u a l i t y  i s  j u s t  a  r e s t a t e -  
ment o f  t h e  second p a r t  o f  t h e  o p t i m a l i t y  c o n d i t i o n s .  
Thus t h e  a s s e r t i o n  w i l l  b e  comple te  i f  w e  show t h a t  
- - ( x , y )  = l i r n  (xk,Yk) i s  a  s a d d l e  p o i n t  o f  L, i .e .  
k- 
F i r s t  n o t e  t h a t  i f  t h e  sequence  L  c o n v e r g e s  t o  L  i n  t h e  s e n s e  
v  
of  (1 .8 )  s o  d o e s  t h e  subsequence  {L , k  = 1 ,  . . . I  . S i n c e  t h e  
Vk 
(Zk I Yk' k  a r e  s a d d l e  p o i n t s ,  f o r  any p a i r  o f  sequences  { x  , k  = 1 . .  .) 
k  
and { y  , k  = I . . . }  converg ing  t o  x  and y  r e s p e c t i v e l y ,  w e  have 
-k k  -k -k l i r n  i n f  LV ( X  , y  ) 5 l i r n  i n f  L  (x  , y  ) 
k+- k  k+- Vk 
-k -k k  -k) 5 l i r n  sup Lv ( x  , y  ) I lh s u p  Lv ( X  , y  
k- k  k+- k  
k  k  I n  p a r t i c u l a r  t h e  { x  , k  = I . . . }  and { y  , k  = I . . . )  c o u l d  have been 
t h o s e  s a t i s f y i n g  (1 .18)  , and hence 
L ( ~ , Y )  I L ( x , ~ )  
- - 
which y i e l d s  t h e  s a d d l e  p o i n t  p r o p e r t y  of ( x , y )  . T h i s  i n  t u r n  
y i e l d s  t h e  f i n a l  a s s e r t i o n s  of  t h e  P r o p o s i t i o n .  
P r o p o s i t i o n  1 . 1 7  e x t e n d s  t h e  r e s u l t s  o f  T. Z o l e z z i  [5, 
Theorem 41 a b o u t  s t a b i l i t y  i n  ma themat ica l  programming. Many 
assumpt ions ,  such  a s  compactness c o n d i t i o n s  on t h e  f e a s i b l e  r e g i o n s ,  
can b e  i g n o r e d  when one  u s e  t h i s  t y p e  o f  convergence  r a t h e r  t h a n  
convergence  n o t i o n s  t h a t  o n l y  i n v o l v e  t h e  x v a r i a b l e s .  
2 .  EPI/HYPO-CONVERGENCE FROM A VARIATIONAL VIEWPOINT. 
Let  {FV : XXY - = [--, +a] , v = I , .  . . ) be a sequence 
of b i v a r i a t e  f u n c t i o n s ,  and f o r  each v ,  l e t  (xv ,yv  ) deno t e  a s add l e  
p o i n t  of  FV,  i . e .  
( 2 . 1 )  v v v F ( x v r y )  S F ( x V ,yV)  5 F ( x , y V )  f o r  a l l  x e X and y c; Y. 
W e  show t h a t  t h e  convergence of  s a d d l e  p o i n t s  and s a d d l e  v a l u e s  
i m p l i c i t l y  subsumes c e r t a i n  t o p o l o g i c a l  p r o p e r t i e s  f o r  t h e  sequence 
{F', v = 1 , .  . .) which l e a d  n a t u r a l l y  t o  t h e  d e f i n i t i o n  o f  epi/hypo- 
convergence. 
R e l a t i o n  (2.1 ) y i e l d s  estimates f o r  xv and yv and hence 
a l s o  r e l a t i v e  compactness p r o p e r t i e s  f o r  t h e  sequence I ( x V I y v ) ,  
v = I . . . ) .  Le t  u s  assume t h a t  f o r  some t o p o l o g i e s  T and a ,  a 
subsequence {xv . k = I . . . )  T-converge t o  ji and {yv , k = I . . . )  
k k 
a-converge t o  7 E Y. Nei ther  T no r  a need be  g iven  a p r i o r i , t h e y  
cou ld  f o r  example, be t h e  r e s u l t  o f  some uniform c o e r c i v e n e s s  pro- 
p e r t i e s  o f  t h e  FV and compact embeddings. For any p a i r  
( x , y )  E XxY, n o t  o n l y  does  (2 .1)  ho ld  b u t  a l s o  
v v 
, v F ( x V ,v )  2 i n f  u E u F ( u ' Y ~ )  
f o r  a l l  U c TT (x )  and V G To ( x )  where (x)  and (y)  a r e  t h e  T- 
and a-neighborhood systems of x and y r e s 2 e c t i v e l y .  s i n c e  
and k l a r g e  enough 
x e U- and 
Vk YVk ( vy 
and hence 
( 2 - 2 )  i n f u  U- SUPv e v F ( u I v )  S SUP 
Vk V E V- i n f u e U  Fv 
( U I V ) .  
x Y k 
T h i s  h o l d s  f o r  any convergent  subsequence o f  tila { ( x y  y V )  \ I  = 1 . . . ) 
and s i n c e  f o r  any sequence o f  extended real-numbers { a v l v  = 1, . . . I  
i n  f  l i m  i n £  a  = l i m  i n £  a v  
v k  . . . I  k+w Vk v+w 
and 
l i r n  sup  a v  = l i r n  s u p  a v  S U P { ~ k }  C{1 I . .  k+w k v+- 
it f o l l o w s  t h a t  
l i m  i n f  i n £  U E U z  s u p v t V  (u ,  V )  
v +w 
s l i m  sup  supv V-infu I?" ( u , v )  , 
v+w Y 
- - 
which must h o l d  f o r  any p a i r  (x ,y )  . 
To e x t r a c t  a s  much i n f o r m a t i o n  from (2 .3)  a t  t h e  ( l o c a l )  
p o i n t w i s e  l e v e l ,  w e  use  t h e  f a c t  t h a t  t h e  above h o l d s  f o r  a l l  
- 
u E 17, ( x )  , U e TT x , V E q, ( y )  and Vye TO (F) t o  t a k e  i n f s  and 
s u p s  w i t h  r e s p e c t  t o  t h e s e  neighborhood sys tems .  S ince  
i n £  s u p  2 sup i n f ,  and because  t h e  l i r n  i n f  and l i r n  s u p  t h a t  ap?ear 
i n  (2 .3)  a r e  monotone w i t h  r e s p e c t  t o  U and V a s  t h e y  d e c r e a s e  t o  x 
and y  r e s p e c t i v e l y ,  t h e  s h a r p e s t  i n e q u a l i t y  one can o b t a i n  a t  x  and 
i n f  v E q" ( y )  SUPu , T ,  (S) l i m  i n f  i n f u  u SUPv V ~ ' ( u ,  v )  
v -+w 
l i n  sup s u p  ' s " p ~ t ~ T ( ~ )  i n f ~ e ' r l o ( ~ )  v- v c v i n f  . F " ( u , v ) .  u t u  
The e x p r e s s i o n  which a p p e a r s  on t h e  l e f t  o f  t h e  i n e q u a l i t y  i s  a  func- 
t i o n  of  x and y ,  t h e  one on t h e  r i g h t  depends on x  and y .  L e t  u s  
d e n o t e  them by h / e - l i  and e /h-1s  I?' r e s p e c t i v e l y  ; t h i s  n o t a t i o n  
t o  be  j u s t i f i e d  l a t e r  on.  Rewr i t ing  (2.41,  w e  see t h a t  whenever G 
and y a r e  l i m i t  p o i n t s  o f  s a d d l e  p o i n t s ,  t h e n  
f o r  a l l  x  c X -  and y  IZ Y .  I n  p a r t i c u l a r  t h i s  i m p l i e s  t h a t  
v - -  h/e--1i  FV (x ,y)  5 e/h-1s  F  ( x , y )  f o r  a l l  y  
and 
V - -  h / e - l i  F  ( x , y )  6 e/h-1s  FV (x,?) f o r  a l l  x .  
Suppose F' = h / e - l i  FV = e/h-1s  FV, t h e n  t h e  p r e c e e d i n g  i n e q u a l i t i e s  
- - 
imply t h a t  ( x , y )  i s  a  s a d d l e  p o i n t  o f  F ' .  S i n c e  a d m i t t e d l y  w e  seek  
a  n o t i o n  o f  convergence f o r  b i v a r i a t e  f u n c t i o n s  t h a t  w i l l  y i e l d  t h e  
convergence o f  t h e  s a d d l e  p o i n t s  t o  a  s a d d l e  p o i n t  o f  t h e  l i m i t  
f u n c t i o n ,  t h e  f u n c t i o n  F ' ,  i f  it e x i s t s ,  i s  a  n a t u r a l  c a n d i d a t e .  
T h i s  i s  somewhat t o o  r e s t r i c t i v e  and would exc lude  a  l a r g e  c l a s s  
o f  i n t e r e s t i n g  a p p l i c a t i o n s .  I n  f a c t  any f u n c t i o n  F  w i t h  t h e  pro-  
p e r t y  t h a t  
(2.6) e/h-1s FV 6 F  6 h / e - l i  FV 
w i l l  have t h e  d e s i r e d  p r o p e r t y ,  s i n c e  t h e n  
- - - - 
F ( x I y )  S h / e - l i  FV (x,y) I e/h-1s  FV ( x , ~ )  6 F ( x , y )  
and 
v - -  
~ ( x , y )  S h / e - l i  F  ( x , y )  6 e/h-1s  FV (x,?) I F ( x , y )  
- - 
f o r  a l l  x  G X and y  c Y ,  i . e .  ( x , y )  is a  s a d d l e  p o i n t  o f  F. 
W e  s t a r t e d  w i t h  a c o l l . e c t i o n  o f  b i v a r i a t e  f u n c t i o n s  whose 
o n l y  p r o p e r t y  was t o  p o s s e s s  a  ( sub)sequence  o f  convergen t  s a d d l e  
p o i n t s .  I f  t h e  l i m i t  o f  such a sequence i s  t o  be a  s a d d l e  p o i n t  
o f  t h e  l i m i t  f u n c t i o n ,  w e  a r e  l e d  t o  c e r t a i n  c o n d i t i o n s  t h a t  must 
b e  s a t i s f i e d  by t h e  l i m i t  f u n c t i o n  (s) , and it i s  p r e c i s e l y  t h e s e  
c o n d i t i o n s  t h a t  w e  s h a l l  use  f o r  t h e  d e f i n i t i o n  o f  epi/hypo- 
convergence .  
W e  now review t h i s  a t  a  somewhat more fo rmal  l e v e l .  A s  w e  
have s e e n ,  w e  need t h e  two f u n c t i o n s  a s s o c i a t e d  t o  t h e  sequence 
C F ~ ,  v = I ,  ... I 
v  h / e - l i  FV = ha /eT-l i  FV = hypou/epiT- l im i n f  F  
v+= 
e/h - 1s FV = eT/hu  - 1s F" = epiT/hypoo - l i m  sup FV 
v+m 
w i t h  
i n  f  V '5 ?a ( Y )   SUP^ c qT (x) l i r n  i n £  i n f u  supv F' (u ,v I  
v- 
c a l l e d  t h e  hypo/epi-  l i m i t  i n f e r i o r ,  and 
eT/hu-1s  F"(x ,Y)  = 
( 2 . 8 )  
S"Pu t. .12 ( x )  i n f  l i m  s u p  s u p  v  62 V i n f  U G  U F' ( u , v )  T v E 3 1 a ( y )  y- 
c a l l e d  t h e  e p i / h y p o - l i m i t  superZor .  The p r o p e r t i e s  o f  t h e s e  l i m i t  
f u n c t i o n s  w i l l  b e  reviewed i n  t h e  n e x t  S e c t i o n .  
A ( b i v a r i a t e )  f u n c t i o n  F  i s  s a i d  t o  b e  an  e p i / h y p o - l i m i t  
of  t h e  sequence  {Fv, v  = 1 , .  . .) i f  
~ h u s  i n  g e n e r a l  e p i / h y p o - l i m i t s  a r e  n o t  u n i q u e ,  i .e .  t h e  topo logy  
induced by epi /hypo-convergence  on t h e  s p a c e  o f  ( b i v a r i a t e )  func- 
t i o n s  i s  n o t  Hausdor f f .  T h i s  i s  i n t i m a t e l y  connec ted  t o  t h e  n a t u r e  
o f  s a d d l e  f u n c t i o n s ,  a s  i s  a g a i n  e x e m p l i f i e d  i n  S e c t i o n  7 .  
A s  a l r e a d y  s u g g e s t e d  by o u r  d i s c u s s i o n ,  t h i s  i s  n o t  t h e  
o n l y  t y p e  o f  convergence  o f  b i v a r i a t e  f u n c t i o n s  t h a t  c o u l d  be  de- 
f i n e d .  I n  f a c t  o u r  two l i m i t  f u n c t i o n s  a r e  j u s t  two among many 
p o s s i b l e  l i m i t  f u n c t i o n s  i n t r o d u c e d  by D e  G i o r g i  [6] i n  a  v e r y  
g e n e r a l  s e t t i n g  and c a l l e d  r - l i m i t s .  I n  h i s  n o t a t i o n  
and 
+ + 




( W e  have adop ted  a ' s i m p l i f i e d  n o t a t i o n  b e c a u s e  it c a r r i e s  i m p o r t a n t  
geometr ic  i n f o r m a t i o n ,  c f .  S e c t i o n  3 ,  t h a t  g e t s  l o s t  w i t h  t h e  r- 
n o t a t i o n ) .  It i s  however impor tan t  t o  choose  t h e s e  two f u n c t i o n s  
s i n c e ,  n o t  o n l y  d o . t h e y  a r i s e  n a t u r a l l y  from t h e  convergence o f  
s a d d l e  p o i n t s ,  b u t  i n  some sense  t h e y  a r e  t h e  "minimal" p a i r ,  a s  
made c l e a r  i n  S e c t i o n  4 of  [7] . Other  d e f i n i t i o n s  have been pro-  
posed by C a v a z u t t i  [8] , [9J , see a l s o  Sonntag [I 01 , t h a t  imply 
epi/hypo-convergence,  b u t  u n f o r t u n a t e l y  res t r ic t  somewhat t h e  
domain o f  a p p l i c a t i o n s .  
F i n a l l y ,  obse rve  t h a t  when t h e  F' do n o t  depend on y ,  t h e n  
t h e  d e f i n i t i o n  o f  epi/hypo-convergence s p e c i a l i z e s  t o  t h e  c l a s s i c a l  
d e f i n i t i o n  of  epi-convergence (wi th  r e s p e c t  t o  t h e  v a r i a b l e  x ) .  On 
t h e  o t h e r  hand i f  t h e  F' do n o t  depend on x ,  t h e n  epi/hypo- 
convergence i s  s imply  hypo-convergence. Thus, t h e  t h e o r y  c o n t a i n s  
both  t h e  t h e o r y  o f  e p i -  and hypo-convergence. 
The v a r i a t i o n a l  p r o p e r t i e s  o f  epi /hypo-convergence ,  t h a t  
mot ivated  t h e  d e f i n i t i o n ,  a r e  f o r m a l i z e d  by t h e  n e x t  Theorem. 
2.10 THEOREM [7] . Suppose  ( X , T )  and (Y,o) a r e  t u o  t o p o l o g i c a l  
s p a c e s  and {F', v = 1 , .  . . j  a  s e q u e n c e  o f  b i v a r i a t e  f u n c t i o n s ,  d e f i n e d  
on X x Y  and w i t h  v a l u e s  i n  t h e  e x t e n d e d  r e a l s ,  t h a t  e p i T / h y p o o -  
c o n v e r g e  t o  a  f u n c t i o n  F. Suppose  t h a t  f o r  some s u b s e q u e n c e  o f  f u n c -  
t i o n s  {F , k = 1 ,  ... 1 w i t h  s a d d l e  p o i n t s  (xk ,yk)  i . e .  f o r  a l l  
vk 
k = 1 ,  ... 
t h e  s a d d l e  p o i n t s  c o n v e r g e  w i t h  f = T - l i m  xk and y = o-l im y Then 
k+m k+= k '  
- - ( x , y )  i s  a  s a d d l e  p o i n t  o f  F and  
The second p r o p e r t y  which g i v e s  t o  t h i s  n o t i o n  o f  convergence 
a  g r e a t  f l e x i b i l i t y  and r e n d e r s  it s i g n i f i c a n t ,  when a p p l i e d  t o  
v a r i a t i o n a l  problems,  i s  i t s  s t a b i l i t y  p r o p e r t i e s  w i t h  r e s p e c t  t o  
a  l a r g e  c l a s s  o f  p e r t u r b a t i o n s .  
2 .11  THEOREM. Suppose  X , Y  and t h e  {FV,  v  = I , .  . .I a r e  a s  i n  Theorem 
2 . 1 0  w i t h  
v  F = epiT/hypoo-limv+mF . 
T h e n ,  f o r  a n y  c o n t i n u o u s  f u n c t i o n  G : ( X , T ) X ( Y , O )  ---+ R ,  
v  F  + G = epiT/hypoo-l imv+m(F + G ) .  
PROOF. S i n c e  G i s  c o n t i n u o u s  a t  ( x , y ) ,  f o r  e v e r y  E > 0 t h e r e  e x i s t s  
UE E TT ( x )  and VE E *To ( y )  such  t h a t  f o r  a l l  u  r U E ,  v E VE 
G(x ,y )  - E 2 G(u ,v )  6 G(x ,y )  + E 
From t h i s ,  it f o l l o w s  t h a t  
e/h-1s (FV + G )  ( x , y )  
= s u p U c U  f n f V C V  l i m  sup  supv i n f u  k U (F' + G )  ( u , v )  
E E v-tm 
 sup^ c u i n £  l i m  sup  [suPV E. u ( F v ( u , v )  + G ( x , y )  - €11 
E VE V+m 
2 (e /h-1s  F') ( x , y )  + G(x ,y )  - E .  
T h i s  h o l d s  f o r  e v e r y  E > 0 and t h u s  
e / h - l s ( F V  + G )  2 (e/h-1s F V )  + G. 
Again u s i n g  t h e  c o n t i n u i t y  o f  G ,  one shows s i m i l a r l y  t h e  converse  
i n e q u a l i t y  which t h u s  y i e l d s  
e / h - l s ( F V  + G )  = G + e/h-1s  FV . 
The same arguments c a n  b e  used t o  o b t a i n  t h e  i d e n t i t y  i n v o l v i n g  
e / h - l i ( F V  + G )  and e / h - l i  FV. Thus, i f  
e/h-1s FV 6 F 2 h / e - l i  FV 
it i m p l i e s  t h a t  
which is p r e c i s e l y  what i s  meant by F+G = e /h - l im(FV + G )  . 
3 .  PROPEIiTIES O F  EPI/fIYPO-LIMITS. GEObETRlCAL INTERPRETATION. 
I n  g e n e r a l ,  a n  a r b i t r a r y  c o l l e c t i o n  o f  s a d d l e  f u n c t i o n s  
d o e s  n o t  have  a n  e p i / h y p o - l i m i t ,  and when it d o e s  t h e  l i m i t  i s  
n o t  n e c e s s a r i l y  u n i q u e .  T h i s  a l l  comes f rom t h e  f a c t  t h a t ,  i n  
g e n e r a l ,  t h e  two  l i m i t  f u n c t i o n s  a r e  n o t  c o m p a r a b l e .  For  example ,  
l e t  X = Y = R and f o r  v  odd 
and f o r  v  e v e n ,  Fv = 2 F1. Then 
h / e - l i  Fv ( x l y )  = y  x-I < 2 y  x-' = e /h-1s  F" ( x l y )  
on ] 0 , 1 ] ~ ] 0 , 1 j  
b u t  
h / e - l i  FV ( 0 ~ 0 )  = +-> e /h -1s  FV ( 0 ~ 0 )  = 0. 
When a  s e q u e n c e  o f  b i v a r i a t e  f u n c t i o n s  {F', v  = 1 , .  . . I  epi-hypo- 
~ " ( x , y )  = 
c o n v e r g e s ,  i t s  e p i / h y p o - l i m i t s  form a n  i n t e r v a l  
- 1  Y x  on  LO, 13. [of I]\{ ( 0 t 0 )  I t 
a r b i t r a r y  when ( x , ~ )  = ( 0 1 0 )  I 
- w i f  x  E [0,1] and  y  &[0,1] I 
+ w o t h e r w i s e ,  
~ h e s c  two l i m i t  f u n c t i o n s  have  s e m i c o n t i n u i t y  p r o p e r t i e s  t h a t  f o l l o w  
d i r e c t l y  from t h e  d e f i n i t i o n  and  t h e  f o l l o w i n g  g e n e r a l  lemma [7, 
Lemma 4.30) . 
3 . 2  LEMMA. Suppose  ( X , T )  i s  a  t o p o l o g i c a l  s p a c e  and q a n  e x t e n d e d  
real  v a l u e d  f u n c t i o n  d e f i n e d  on  t h e  s u b s e t s  o f  X. Then t h e  f u n c t i o n  
is T-lower s e m i c o n t i n u o u s ,  and  t h e  f u n c t i o n  
x  i n ?  Ue TT ( X I  q ( U )  
i s  T-upper semicont inuous .  
PROOF. Simply n o t e  t h a t  f o r  e v e r y  x 
g ( ~ )  = sUPUhqT ( X )  q ( U 1  clTg ( X I  = supUE -nr ( x )  in£u c- U S ( U )  1 
a s  f o l l o w s  from t h e  d e f i n i t i o n  o f  g ,  s i n c e  
q(U) < in£, d U g ( u ) .  0 
- 
3 . 3 .  PROPOSITION. Suppose ( F ~ :  (X,a)x ( Y , T )  + R ,  v = I , . . . }  i s  a  
sequence  o f  b i v a r i a t e  f u n c t i o n s .  Then f o r  a22 y ,  
v 
x w eT/ha-1s  F ( x , y )  
i s  T - 2 . s ~ .  i n  x , and f o r  a22  x 
y I---+ h u / e T - l i  F ' ( X , ~ )  
i s  a - u . s c .  i n  y. 
One can  a l s o  d e r i v e  t h e  s e m i c o n t i n u i t y  p r o p e r t i e s  o f  t h e  
l i m i t  f u n c t i o n s  from t h e i r  g e o m e t r i c a l  i n t e r p r e t a t i o n  a s  Gone i n  [7) 
3 . 4 .  THEOREM. Suppose (FV: (X,o) x (Y,r) + x, v = I  ,.. .I i s  a  s equence  
o f  b i v a r i a t e  f u n c t i o n s .  Then f o r  e v e r y  y E Y and x E X  




hypo ( h / e - l i  FV)  (x, . ) = Lin i n f  hypo FV ( x '  , . ) . 
v+=' 
x "x 
Thus t h e  epi-hypo-convergence o f  a  sequence o f  b i v a r i a t e  f u n c t i o n s  
is a l i m i t  c o n c e p t  t h a t  i n v o l v e s  b o t h  e p i -  and hypo-convergence. 
That  i s  c l e a r l y  a t  t h e  o r i g i n  o f  o u r  t e rmino logy .  However n o t e  
t h a t  b o t h  fo rmulas  r e q u i r e  t h a t  l i m i t s  b e  t a k e n  w i t h  r e s p e c t  t o  
b o t h  v and e i t h e r  x o r  y ,  and can  n o t  be e q u a t e d  w i t h  t h e  e p i -  o r  
hypo-convorqencc o f  t h e  u n i v a r i a t e  f u n c t i o n s  F" ( . , y )  and I-" (s, . ) 
r e s p e c t i v e l y .  I t  i s  a  much weaker n o t i o n ,  more s o p h i s t i c a t e d ,  which 
d o e s  n o t  a l l o w  t h e  two v a r i a b l e s  x and y t o  b e  h a n d l e d  i n d e p e n d e n t l y .  
4 .  EPI/HYPO-CONVERGEKCE : THE METRIZABLE CASE. 
I n  t h e  metr.ic c a s e ,  o r  more g e n e r a l l y  when ( X , T )  and ( Y  , a )  
a r e  m e t r i z a b l e ,  it is p o s s i b l e  t o  g i v e  a r e p r e s e n t a t i o n  o f  t h e  l i m i t  
f u n c t i o n s  i n  terms of  sequences  t h a t  t u r n  o u t  t o  be  v e r y  u s e f u l  i n  
v e r i f y i n g  epi/hypo-convergence,  c f .  L7, C o r o l l a r y  4 . 4 1  . The formu- 
l a s  t h a t  w e  g i v e  h e r e  i n  terms o f  sequence- - ra the r  t h a n  subsequence-- 
a r e  new and t h u s  complement t h o s e  g i v e n  e a r l i e r  i n  r 7 ,  Theorem 4.10 
and C o r o l l a r y  4.1 47 . 
4.1 THEOREM. Suppose ( X , T )  and (Y,a)  a r e  two  m e t r i z a b l e  s p a c e s ,  and 
{FV:xxY + X I  v  = 1 , .  . .) a  sequence  o f  f u n c t i o n s .  Then f o r  e v e r y  
( x , y )  € xxy 
and 
(4 .3 )  
e /h-1s  F V ( x I y )  = sup min X 'X l i m  s u p  FV (xV yV 
v  Y v  7 v+OD 
- min l i m  sup F vk  
- S U P { v k ~ c ~  x k +  x ( x k t y k )  I 
T k+- 
v  h / e - l i  FV(x .y )  = i n f x  , max l i m  i n f  F (xv , yV)  , 
v  7 Y v 3 Y  v- 
= i n f  max l i m  i n f  F  vk (xk ,yk)  { v ~ ) ~ ~  Y k 3  Y k- 
These c h a r a c t e r i z a t i o n s  d t h e  l i m i t  f u n c t i o n s  y i e l d  d i r e c t l y  t h e  
f o l l o w i n g  c r i t e r i a  f o r  epi /hypo-convergence.  
4 . 4  COROLLARY. Suppose (X ,T)  and (Y,a]  a r e  m e t r i z a b l e ,  and 
{F':XXY - E, v  = I , . . . )  a  s equence  o f  f u n c t i o n s .  Then t h e  f o l l o w i n g  
a s s e r t i o n s  a r e  e q u i v a l e n t  
( 4 . 6 )  (i) For a l Z .  yv -- a y ,  t h e r e  e x i s t s  xv dT x s u c h  t h n t  
v  l i m  sup  F  ( x v 1 ~ , , )  -C F ( x ~ Y )  1 
v- 
and 
(ii) f o r  a22  xv 7 x r  t h e r e  e x i s t s  yv -o y  s u c h  t h a t  
v  F ( x , y )  I l i r n  i n f  F  ( x v , y v )  
v- 
h o l d  f o r  a22 ( x , Y )  6 XxY, 
(4 .7 )  (i) f o r  a l l  { v k , k = l , . . ; ) c N I  yk - a y  t h e r e  e x i s t s  xk --7 T x  
vk 
s u c h  t h a t  l i r n  sup  F  (xk1yk)  S F ( ~ , Y )  
k- 
and 
(ii) f o r  a l l  {vk l  c N ,  xk - x t h e r e  e x i s t s  yk -a y  T 
v  k  
s u c h  t h a t  F ( x , ~ )  S l i m  i n £  F  ( x ~ I Y ~ )  
k+w 
h o l d  f o r  a22  ( x l y )  E XxY. 
PROOF O F  THEOREM 4 . 1 .  S i n c e  e/h-1s F' = - ( h / e - l i ( - ~ ~ ) )  it c l e a r l y  
s u f f i c e s  t o  p rove  one  of  t h e  i d e n t i t i e s  ( 4 . 2 )  o r  (4 .3 )  , s a y  ( 4 . 3 )  . 
We d e n o t e  by G and H t h e  f o l l o w i n g  f u n c t i o n s  
v  G(xry)  = i n f x  SUP l i m  i n f  F  ( x V , y V )  ,
- x  
V T yv T y  v+m 
and 
H ( X , Y )  = i n f  {vk) 
Obviously G L - H ,  t h u s  t o  o b t a i n  (4 .3 )  we o n l y  need t o  prove  t h a t  
G S h / e - l i  FV 6 H. 
F i r s t ,  w e  show t h a t  G 5 h / e - l i  F'. There i s  n o t h i n g  t o  p rove  i f  
h / e - l i  F' E + w r  s o  l e t  u s  assume t h a t  f o r  some p a i r  ( x , y ) ,  
v h / c - l i  F' ( x , y )  < a .  .Given any 8 > h / e - l i  F  ( x , y )  , t h e  d e f i n i t i o n  
of h / e - l i  l?' y i e l d s  a  neighborhood V e ( y )  such t h a t  f o r  a l l  B 
u E rRT (x )  
B 2 l i r n  i n f  i n f u  supv, v FV ( u , v )  . 
v+'= B 
L e t  {Up, '=I , . . . I  be  a  c o u n t a b l e  b a s e  o f  open neighborhoods  o f  x.  
d e c r e a s i n g  w i t h  p t o  { x ) .  The p r e c e e d i n g  i n e q u a l i t y  w i t h  U r e p l a c e d  
by u,, i m p l i e s  t h e  e x i s t e n c e  o f  a  sequence {Xv C U v  = 1 . .  . .) such  
CI 
t h a t  
B 2 l i r n  i n f  s u p  v  
v  e V g  F (xV ,v)  . 
v+'= CI 
Since  t h i s  h o l d s  f o r  a l l  H ,  w e  g e t  t h a t  
v  6 2 l i m  s u p  l i r n  i n f  supv, ,  F  (xV ,v)  . 
~ l + *  v- B fi 
W e  now r e l y  on t h e  D i a g o n a l i z a t i o n  Lemma, proved i n  t h e  Appendix, 
t o  o b t a i n  a  sequence {xv = x  
v , I l (v )  , v  = 1 ,  ... 1 w i t h  v  - p ( v )  i n c r e a -  
s i n g  (which i m p l i e s  t h a t  xv --+T x )  s u c h  t h a t  
B 2 l i r n  i n f  supvc  , V ( x v 1 v ) .  
v+'= B 
Now, f o r  any sequence yv 7 y ,  f o r  v  s u f f i c i e n t l y  l a r g e  y V c  V and B 
hence 
B 2 l i r n  i n f  FV ( x v , y v ) .  
v- 
The above h o l d s  f o r  any sequence { y v l  v  = 1 ,  ...I o-converging t o  y .  
Using t h i s  and t h e  f a c t  t h a t  t h e  xv T-converge t o  x  w e  have t h a t  
B 2 sup  l i m  i n f  F' (xV , yV ) 
Yv 3 Y v+=? 
and a l s o  
v  B 2 i n f x  l i m  i n f  F  (xv ,yV)  = G ( x , Y ) *  
v  'rX s u P ~ v  3 Y y- 
Since  t h i s  h o l d s  f o r  e v e r y  B < h / e - l i  F' ( x , y )  w e  g e t  t h a t  
Next w e  show t h a t  H 2 h / e - l i  FV.  Again t h e r e  i s  n o t h i n g  t o  
prove i f  h / e - l i  FV E - '=, s o  l e t  u s  assume t h a t  f o r  some ( x , y ) r  
h / e - l i  FV ( x , y )  > - -. The d e f i n i t i o n  o f  h / e - l i  FV i m p l i e s  t h a t  
Y g i v e n  any a <. h / e - l i  F ( x , y )  and  any v c ( y )  t h e r e  c o r r e s p o n d s  a 0 
neighborhood U = U of  x s u c h  t h a t  
u,V 
a < l i r n  i n £  i n £  
u e u  c v F ' ( u , v ) .  
Y-'W 
L e t  {V ~ = 1 ,  ... ) be a c o u n t a b l e  b a s e  o f  open ne ighborhoods  of  y ,  
CL I 
d e c r e a s i n g  w i t h  p t o  { y ) .  To a n y  such  V t h e r e  c o r r e s p o n d s  U D CL 
w i t h  
a < l i m  i n f  i n f  ; supv F ~ ( u ~ v )  
v- CI CI 
For  any  subsequence  { v k r  k = l ,  ... 1 and any xk i x T 
a < l i r n  i n £  s u p  V G V  F ( x k t v )  k +w D vk 
b e c a u s e  f o r  k s u f f i c i e n t l y  l a r g e  x c U a n d  l i r n  i n £  S l i r n  i n f .  k -  cl Y +m Yk- 
T h i s  i m p l i e s  t h e  e x i s t e n c e  o f  a  s equence  { y  k = l ,  ... 1 such  t h a t  kCL ' 
u < l i m  i n £  F Y k  (xk'~yk , @ 1 .  k +w 
T h i s  b e i n g  t r u e  f o r  any p ,  w e  g e t  
a l l i r n  i n £  l i r n  i n £  F 
IJ- k+- vk ( X k t ~ k p )  
T h i s  and  t h e  D i a g o n a l i z a t i o n  Lemma A.1 o f  [7, ~ ~ ~ e n d i x ]  y i e l d s  a  
sequence {yk = Y k ,  ( k )  E VkI  k = l . .  . I  such  t h a t  
a I l i m  i n £  F (xk ,yk)  
k+m vk  
and hence  
a l Sup l i m  i n £  FY ( x k l ~ k )  
Yk -o Y k+w k 
S i n c e  t h i s  h o l d s  f o r  a n y  subsequence  { v k ,  k = l ,  . . . I  and xk -+ x ,  
T 
a S H ( x , y ) .  T h i s  b e i n g  t r u e  f o r  any a < h / e - l i  F', w e  f i n a l l y  g e t  
h / e - l i  F' 5 H. I-J 
I n  t h e  m e t r i z a b l e  s e t t i n g  it i s  a l s o  p o s s i b l e  t o  c h a r a c t e -  
r i z e  t h e  ep i /hypo-convergence  i n  t e r m s  o f  t h e  Moreau-Yosida 
approzirnates  [7, S e c t i o n  51 . Here w e  r ev iew b r i e f l y  t h e  main r e s u l t s  
4 . 8  DEFINITION. L e t  (X,T) and (Y,a) b e  m e t r i z a b l e ,  and d l  and 
d r n e t r i c s  c o m p a t i b l e  w i t h ~ a n d  u r e s p e c t i v e l y  ; and F:XxY + 
5 
a  b i v a r i a t e  f u n c t i o n .  For X > 0 and p > 0 , t h e  l o w e r  Moreau- 
Y o s i d a  a p p r o x i m a t e  ( w i t h  p a r a m e t e r s  X and p) i s  
and t h e  u p p e r  Moreau-Yos ida  a p p r o x i m a t e  ( w i t h  p a r a m e t e r s  Xand u )  i s  
4 . 9  THEOREM. S u p p o s e  IF', v = I , .  . . I  i s  a  s e q u e n c e  o f  e z t e n d e d -  
r e a l  v a l u e d  b i v a r i a t e  f u n c t i o n s  d e f i n e d  on t h e  p r o d u c t  o f  t h e  m e t r i c  
s p a c e s  (XIdT) and (YIdu) . S u p p o s e  t h e r e  e x i s t s  r > 0 and some p a i r  
2 (uo,vo) e XxY s u c h  t h a t  F ~ ( U ~ , V )  6 r[du (vIv0) + l ]  a n d  
2 2 FV(u,v) h - r[dT(u,uO) + du(~I~o)+l] f o r  a 2 2  v = 1 ,... . Then 
e/h-1s FV (x,y) = supX>O inf lim sup F f (>,,p,x,y) . 
p>o + 
I f  t h e r e  e x i s t  r and  (uo,vo) s u c h  t h a t  f o r  a 2 2  v =  1  ,. . . 
2 2 2 FV (u.vO) h - r [dT (uIuO) +l] .and  FV (u.v) 5 + r[d, (u,uo) + du (vIvO) +1] , 
t h e n  
h/e-li FV (x,y) = in£ 
cr>O supX>O lim inf F: (A ,p ,x,y) . v+- 
The Moreau-Yosida approximates [7, Theorem 5.81 are locally 
equi-Lipschitz, at least when the bivariate functions FV can be 
minorized/majorized as in Theorem 4 . 9 .  This is a very useful pro- 
perty ; it allows us to work with well-behaved functions. Moreover, 
when expressed in terms of the Moreau-Yosida approximates, the epi/ 
hypo-convergence reduces to pointwise limit operations. 
5. SEQUENTIAL COMPACTNESS. 
The f a c t  t h a t  any  s e q u e n c e  o f  b i v a r i a t e  f u n c t i o n s ,  a t  
l e a s t  i n  t h e  m e t r i z a b l e  c a s e ,  p o s s e s s e s  a n  e p i / h y p o - c o n v e r g e n t  
subsequence  p l a y s  a n  i m p o r t a n t  r o l e  i n  many a p p l i c a t i o n s .  One 
re l ies  o n  t h i s  compac tnes s  r e s u l t  t o  a s s e r t  t h e  e x i s t e n c e  o f  
a n  e p i / h y p o - l i m i t  o f  a  subsequence ,  t h e n  u s e  t h e  s p e c i f i c  p r o -  
p e r t i e s  o f  t h e  e l e m e n t s  o f  t h e  s e q u e n c e  t o  i d e n t i f y  t h e  l i m i t  
f u n c t i o n  and f i n a l l y  o b t a i n  t h e  ep i /hypo-conve rgence  o f  t h e  
whole s equence .  I n  [7] , t h e  p roo f  o f  t h i s  compac tnes s  theorem 
i s  o b t a i n  w i t h  t h e  h e l p  o f  t h e  Moreau-Yosida a p p r o x i m a t e s  a n d  
t h e  i d e n t i t i e s  t h a t  a p p e a r  i n  Theorem 4 . 9 .  The p r o o f  g i v e n  h e r e  
f o l l o w s  t h e  more s t a n d a r d  t e c h n i q u e s  o f  D e  G i o r g i  and  F r a n z o n i  
[I 11 , t h a t  such  a n  a rgumen t  migh t  work was s u g g e s t e d  t o  u s  by 
Cavaz z u t i  . 
5 .1 .  THEOREM. Suppose ( X I ? )  a,nd ( Y , u )  a r e  t o p o l o g i c a l  s p a c e s  w i t h  
c o u n t a b l e  b a s e .  Then any  sequence  o f  b i v a r i a t e  f u n c t i o n s  
v ( F  : X x Y  -+ E, v = I , . . . )  c o n t a i n s  a  subsequence  wh ich  i s  e p i  / 
T 
hypou-convergen t .  
PROOF. W e  have t o  f i n d  a  subsequence  {v,, k = 1 ,  ...) s u c h  t h a t  
L e t  {Up lp=l , . . . I  and i ~ ~ , ( p ' = l .  . . . I a  c o u n t a b l e  s equence  o f  open 
sets i n  X and Y r e s p . .  From t h e  compac tnes s  o f  = [--, +=I a n d  
t h e  c l a s s i c a l  d i a g o n a l i z a t i o n  lemma, . f o l l o w s  t h e  e x i s t e n c e  o f  a  
subsequence  i v k  1 k=l  , . . . I  s u c h  t h a t  f o r  e v e r y  p and p '  
-26- 
e x i s t .  I t  f o l l o w s  t h a t  f o r  e v e r y  M and D' 
Hence, f o r  e v e r y  x and y ,  
which is t h e  d e s i r e d  i n e q u a l i t y .  
6 .  RELATED NOTIONS TO EPI/HYPO-CONVERGENCE. 
Up t o  now, w e  have been m o t i v a t e d  by t h e  s e a r c h  f o r  a  
minima2 c o n v e r g e n c e  c o n c e p t  t h a t  a l l o w s  u s  t o  o b t a i n  t h e  con- 
vergence  o f  s a d d l e  p o i n t s  and s a d d l e  v a l u e s ,  c f .  Theorem 2.10.  
Th i s  has  l e d  u s  t o  a  n o t i o n  of  convergence  whose l i m i t  i s  n o t  
n e c e s s a r i l y  un ique .  T h i s  is n o t  unexpec ted ,  s i n c e  b i v a r i a t e  
f u n c t i o n s  a r e  n o t  comple te ly  de te rmined  by t h e i r  s a d d l e  v a l u e  
p r o p e r t i e s ,  a s  a l r e a d y  observed by R o c k a f e l l a r  [I21 i n  h i s  work 
on d u a l i t y .  I n  t h e  convex-concave s e t t i n g  we f o r m a l i z e  
t h i s  by i n t r o d u c i n g  e q u i v a l e n c e  c l a s s e s .  The d e f i n i t i o n  o f  e p i /  
hypo-convergence makes t h e  two v a r i a b l e s  x  and y  p l a y  a  symmetric 
r o l e ,  it s p e c i a l i z e s  t o  e p i -  o r  hypo-convergence when t h e  f u n c t i o n s  
a r e  u n i v a r i a t e .  However, i n  some a p p l i c a t i o n s  t h e  F' e n j o y  some 
c o n t i n u i t y  p r o p e r t i e s  and it is  p o s s i b l e  t o  wozk w i t h  s t r o n g e r  
n o t i o n s  o f  convergence .  W e  exempl i fy  t h i s  by g i v i n g  one  zuch 
p o s s i b i l i t y .  W e  proceed  a s  b e f o r e  and s t a r t  w i t h  t h e  d e f i n i t i o n  
of  two l i m i t  f u n c t i o n s  : 
V (6.1) h  u /e T -1s F (xIy) = in%E;Pb(Y)S~~UE5,  (x) lim Sup infu G. Usupv c: 
" VKP 
and 
W e  have t h e  f o l l o w i n g  r e l a t i o n s  : 
Thus : 
e/h-15 F' = e/h-li F' 
h/e-li F' =. h/e-1s F' 
and, a fortiori, 
h/e-1s F' = e/h-li FV 
imply each epi/hypo-convergence. The convergence induced by the 
equality e/h-1s FV = e/h-li F ~ ,  now with unique limit (T-1.s~. 
with respect to x), has been studied by Cavazzuti [8] [9]. The 
study of the convergence induced by the last equality 
h/e-1s F' = e/h-li FV, has also been sketched out in C7] . It is 
possible, for all of these, to develop a theory similar to that 
for epi/hypo-convergence, but each one of these notions requires 
a certain regularity for the limit function which, a priori, cannot 
be guaranteed in many apnlications. 
7 .  EPI/HYPO-COKVERGGNCE OF CONVEX-COKCAVE FUNCTIONS. 
T h i s  l a s t  s e c t i o n  i s  devoted t o  t h e  c o n t i n u i t y  p r o p e r t i e s  
of  t h e  Legendre-Fenchel t r a n s f o r m ,  which e s t a b l i s h e s  a  n a t u r a l  cor-  
respondence between convex and convex-concave b i v a r i a t e  f u n c t i o n s .  
The argumenta t ion i s  s u r p r i s i n g l y  complex, i n  p a r t  t h i s  comes from 
t h e  f a c t  t h a t  t h e  f u n c t i o n s  can t a k e  on b o t h  t h e  v a l u e s  +m and - m ,  
and t h a t  t h e  c o n j u g a t e  o p e r a t i o n ,  o r  e q u i v a l e n t l y  t h e  Legendre- 
Fenchel  t r a n s f o r m a t i o n ,  t h e n  l o o s e s i t s  l o c a l  c h a r a c t e r i s t i c s  and 
it i s  o n l y  t h e  g l o b a l  p r o p e r t i e s  o f  t h e  o p e r a t i o n  t h a t  a r e  p r e s e r v e d .  
An e l e g a n t  s t u d y  of  t h i s  phenomena and i t s  i m p l i c a t i o n s  h a s  been 
made by Rockaf e l l a r  [12] , [I 31 - and [I 4 1  and f u r t h e r .  a n a l y s e d  by 
McLinden [I 51 , [I 61 ; see a l s o  Ekeland-Temam [I 71 and Aubin [I 81 . 
L e t  * d e n o t e  t h e  c o n j u g a t e  o p e r a t i o n .  For any F : X + 
t h e  c o n j u g a t e  f u n c t i o n  is  d e f i n e d  by 
Then one can  show [12] t h a t  f o r  convex f u n c t i o n s  
where - c l  F  is t h e  e x t e n d e d  c l o s u r e  o f  F  w i t h  
I - = o t h e r w i s e  
and c l  F i s  t h e  lower semicont inuous  c l o s u r e  o f  F. 
Convex-concave b i v a r i a t e  f u n c t i o n s  can  be  r e l a t e d  t o  convex 
b i v a r i a t e  f u n c t i o n s  th rough  p a r t i a l  c o n j u g a t i o n ,  which means 
c o n j u g a t i o n  wi th  r e s p e c t  t o  one o f  t h e  v a r i a b l e s .  W e  a r e  l e d  t o  
i n t r o d u c e  e q u i v a l e n c e  c l a s s e s .  For  t h e  s a k e  o f  t h e  uninformed 
r e a d e r  w e  review q u i c k l y  t h e  m o t i v a t i o n  and t h e  main f e a t u r e s  o f  
R o c k a f e l l a r  ' s  scheme [I 31 . 
L e t  KO be convex-concave con t inuous  f u n c t i o n  on 
C-1 , l] x [-I ,1] . W e  a s s o c i a t e  t o  KO t h e  two f u n c t i o n s  : 
K~ (x .y )  = 
Then b o t h  K1 and K 2  have t h e  same s a d d l e  p o i n t s  (and v a l u e s )  a s  
KO, a l though  t h e y  d i f f e r  on s u b s t a n t i a l  p o r t i o n s  o f  t h e  p l a n e .  
However, n o t  o n l y  do t h e s e  two f u n c t i o n s  have t h e  same s a d d l e  
p o i n t s  b u t  s o  do a l l  l i n e a r  p e r t u r b a t i o n s  o f  t h e s e  two f u n c t i o n s .  
So from a  v a r i a t i o n a l  v iewpoin t  t h e s e  two f u n c t i o n s  appear  t o  be  
u n d i s t i n g u i s h a b l e .  I t  i s  t h u s  n a t u r a l  when s tud l - ing  limits o f  a  
v a r i a t i o n a l  c h a r a c t e r  t h a t  w e  need t o  d e a l  w i t h  e q u i v a l e n c e  c l a s s e s  
whose members have s i m i l a r  s a d d l e  p o i n t  p r o p e r t i e s .  
L e t  K : X x Y  + b e  a  convex-concave f u n c t i o n .  W e  a s s o c i a t e  
t o  K i ts  convex and concave p a r e n t s  d e f i n e d  by 
* F ( X I Y  1 s u p y G  [ K ( x , Y )  + <y*.y>] 
and 
* 
G ( x * , ~ )  = i n f  
X € X  
[ ~ ( x , y )  - <x ,x>]. 
+ - if 1x1 > 1  
K , ( X , ~ )  on [-I ,1]x [-I 
- - i f  1 x 1 ~ 1  and ( y l  > 1  
and 
Thus w e  have t h e  f o l l o w i n g  r e l a t i o n s , b e t w e e n  t h e s e  f u n c t i o n s  
- K2(x ,y )  - 
* Y * K : X x Y  + - F:XxY + 
convex-concave convex p a r e n t  
+ i f  1x1 > 1  and IyI 2 1  
Ko(x1y) on [-111]~[-111] 
- - i f  lyl  > 1.  
concave p a r e n t  
I n  ttie example above K ancl E have t h e  same p a r e n t s ,  t h e y  1 2 
cannot  be  d i s t i n g u i s h e d  a s  coming from d i f f e r e n t  b i v a r i a t e  
convex or  b i v a r i a t e  concave f u n c t i o n s .  
Given any p a i r  o f  convex-concave b i v a r i a t e  f u n c t i o n s  
K 1  and K 2 ,  w e  s a y  t h a t  t h e y  a r e  e q u i v a l e n t  i f  t h e y  have t h e  
same p a r e n t s .  A b i v a r i a t e  f u n c t i o n  K i s  s a i d  t o  be  c l o s e d  i f  
i t s  p a r e n t s  a r e  c o n j u g a t e s  o f  each  o t h e r ,  i . e .  i f  t h e  above 
diagram can be c l o s e d  th rough  t h e  c l a s s i c a l  Legendre-Fenchel 
t r a n s f o r m  : 
* 
- 
-G(x I Y )  - s u p x c  [<x,x*> + c y I y * >  - F ( x I y * ) ]  
y* c Y* 
For  c l o s e d  convex-concave f u n c t i o n s  K ,  t h e  a s s o c i a t e d  e q u i v a l e n c e  
c l a s s  i s  an i n t e r v a l ,  denoted by L K , ~  - w i t h  





~ = c l ~ = i n f *  [F(x,Y*) - < y t y * > J ,  
Y Y t Y  
where cl, d e n o t e s  t h e  extended lower c l o s u r e  w i t h  r e s p e c t  t o x  
and a K ( =  - c l  ( - K ) )  i s  t h e  ex tended  upper c l o s u r e  w i t h  r e s p e c t  
Y -Y 
* - 
t o  y.  A convex f u n c t i o n  F:XxY -+ R i s  c l o s e d  i f  c l  * F = F. 
--(x,y 1 
* 
7.1 THEOREM. l13J .The map K F e s t a b l i s h e s  a  o n e - t o - o n e  
c o r r e s p o n d e n c e  be  t w e e n  c  l o s e d  c o n v e x - c o n c a v e  ( e q u i v a  l e n c e  l c l a s s e s  
and c  Zosed c o n v e x  f u n c t i o n s .  
T h i s  correspondence *y h a s  c o n t i n u i t y  p r o p e r t i e s  t h a t  a r e  
made e x p l i c i t  h e r e  below. Given a sequence o f ' c o n v e x  b i v a r i a t e  
f u n c t i o n s  {F', v = 1,. . . I  epiT-converging t o  F, w e  cou ld  s t u d y  
t h e  induced convergence f o r  t h e  a s s o c i a t e d  convex-concave (b iva -  
* 
r i a t e )  f u n c t i o n s  -( through t h e  Legendre-Fenchel t r a n s f o r m  y ) .  
I n  t h e  r e f l e x i v e  Banach c a s e ,  it would b e  n a t u r a l  t o  c o n s i d e r  
e p i  -convergence t o  be epi-convergence induced by t h e  weak and t h e  
T 
s t r o n g  t o p o l o g i e s  on X x Y .  To i l l u s t r a t e  t h e s e  t y p e  o f  r e s u l t s ,  
w e  c o n s i d e r  t h e  s i t u a t i o n  when t h e  {F", v = 1 , .  . .) epi-converge  
t o  F wi th  r e s p e c t  t o  t h e  Mosco-topology. 
W e  s t a r t  w i t h  a q u i c k  review of Mosco-epi-convergence o r  
f o r  s h o r t ,  Mosco-convergence. Suppose X and Y a r e  r e f l e x i v e  
Banach s p a c e s  whose weak and s t r o n g  t o p o l o g i e s  a r e  deno ted  by 
s sy r e s p e c t i v e l y .  A sequence o f  f u n c t i o n s ,  which f o r  W X l  wyt  X I  
reasons  of  e x p o s i t i o n  w e  t a k e  h e r e  a s  b i v a r i a t e ,  
{F": XxY + fj; , w = 1 ,  . . . I  
is s a i d  t o  Mosco-converge t o  t h e  ( b i v a r i a t e )  f u n c t i o n  
F : X x Y  + 
i f  
V 
es 
-1s F 5 F 5 ew-li F" 
where 
V 
s -1s F ( x , y )  = es x s  -IS F" ( x I y )  X Y 
- l i m  sup i n f  
- ( u ; v )  E T~ ( X J X ? ~  ( y )  ,,+., u b U I V 4 v  F" ( u , v )  
X X 
and 
Because of  t h e  n a t u r a l  r e l a t i o n s  between e p i - l i m i t s ,  t h i s  means 
t h a t  
This  t y p e  of  convergence has been i n t roduced  by Mosco [19] and 
s t ud i e d  ex tens j -ve ly  because  of  t h e  r o l e  it  p l a y s  i n  many a p p l i -  
c a t i o n s ,  c f .  f o r  example [1 91 , [20] and [I 01 . The b a s i c  r e s u l t  
f o r  convex f u n c t i o n s  f i r s t  proved by Wijsman [21] i n  t h e  f i n i t e  
dimensional  c a s e  and extended by Mosco and J o l y  [22J t o  t h e  
Banach r e f l e x i v e  c a s e  i s  t h e  b i c o n t i n u i t y  of  t h e  Legendre-Fenchel 
t ransform wi th  r e s p e c t  t o  t h e  Mosco-topology. I n  o u r  s e t t i n g ,  w e  
can ex p r e s s  t h i s  r e s u l t  through t h e  i d e n t i t y  
(7 .2)  v  * (ew-li F  ) = e -1s F v* S 
where * d e n o t e s  c o n ju g a t i on  wi th  r e s p e c t  t o  b o t h  v a r i a b l e s .  Th is  
is a  s p e c i a l  c a s e  o f  t h e  more g e n e r a l  r e l a t i o n  t h a t  w e  need 
between convex b i v a r i a t e  f u n c t i o n s  and c l a s s e s  o f  convex-concave 
b i v a r i a t e  f u n c t i o n s .  W e  o n l y  s k e t c h  t h e  p roof  w h o s e J d e t a i l s  appear  
7.3. THEOREM. X and Y a r e  - r e f  Z c x i o e  Banach spcrces ,  and 
- {F;FV : X x Y  -+ R, v = I , .  . .I i s  a  c o l l e c t i o n  o f  c l o s e d  p r o p e r  c o n v e x  
f u n c t i o n s .  L e t  [Z,K] - and { [ ~ T ~ , K ~ J ,  - v = 1 , .. .I be  t h e  c o r r e s p o n d i n g  
c l a s s e s  o f  b i v a r i a t e  c o n v e x - c o n c a v e  f u n c t i o n s .  T h e n ,  t h e  f o l l o w i n g  
s t a t e m e n t s  a r e  e q u i v a l e n t  : 
(7 .4)  t h e  FV Mosco-converge t o  F 
and 
( 7 . 5 1  f o r  a t 2  K i n  [K,K] - # @ , we have 
c l  (es/h;ls KV)  I K 5 h S e w - 1  K'). 
-X 
PROOF (Ske tch) .  The key s t e p  c o n s i s t s  i n  ex t end ing  t h e  r e s u l t  
about  t h e  b i c o n t i n u i t y  o f  t h e  Legendre-Fenchel t r an s fo rm  f o r  
convex f u n c t i o n s  t o  t h i s  s e t t i n g ,  i . e .  f o r  b i v a r i a t e  convex 
f u n c t i o n s  and p a r t i a l  c o n juga t i on .  I n  p a r t i c u l a r  one shows t h a t  
i f  t h e  F and F' a r e  a c o l l e c t i o n  of  b i v a r i a t e  c l o s e d  proper  convex 
f u n c t i o n s ,  and F = ew(Xxy*,  - 1 i m  FV then  
and 
(7 .7)  - K = clx (hs / ew- l i  itv 
- 
The proof of  t h e  i n e q u a l i t y  2 c l  (hs /ew-l i  E') fo l lows  d i r e c t l y  Y 
from t h e  d e f i n i t i o n s  o f  epi-  and epi/hypo-convergence and t h e  
Legendre-Fcnchel t ransform.  The converse  i n e q u a l i t y  i s  much more 
d i f f i c u l t  t o  o b t a i n .  One s t a r t  w i th  d e r i v i n g  
which is f i r s t  ob t a ined  under t h e  a d d i t i o n a l  c o n d i t i o n  t h a t  t h e  
F and F' , v = 1 , .  . . a r e  equi-coercive.  To b r i n g  t h e  g e n e r a l  
problem i n  t h i s  more r e s t r i c t i v e  framework, we r e l y  on Moreau-Yosida 
approximates. The F' a r e  rep laced  by 
* 2 F " ~ ( x , ~ * )  = FV (x,y*) + $ly I 
and F by 
X * F ( x I y * )  = F ( ~ I Y  ) X * 2  + 1 1 ~  I 
For each X > 0, w e  t hen  have 
We then  use  t h e  monotonocity i n  A ,  and a d i a g o n a l i z a t i o n  lemma 
[7, Lemma A.1) t o  conclude t h a t  
- 
K(xry) I l i m  i n f  itv'' ( v )  (xv I Y  
v*=' 
f o r  a l l  xV- x and X(v) some subsequence converging t o  0 a s  v + . W 
Using t h e  p r o p e r t i e s  o f  con juga t ion  t h i s  a l lows  us  t o  o b t a i n  t h e  
e x i s t e n c e  o f  Eyv, v = I , . . . )  such t h a t  
- 1 X(x,y) I l i m  i n f  ( x v I y v )  . -   2X ('1 I Y  - Y,12]. 
T h e r e  r e m a i n s  o n l y  t o  show t h a t  t h e  s e q u e n c e  {p ( x V  , y v )  , 1, = 1 , .  . . ) 
i s  bounded above .  T h i s  i s  e q u i v a l e n t  t o  t h e  a s s e r t i o n  t h a t  f o r  
e v e r y  weakly c o n v e r g e n t  s equence  { x y ,  v = 1 ,  . . . I  t h e r e  e x i s t s  a 
* V * bounded sequence  { y v ,  v = 1 ,  ... I s u c h  t h a t  s u p V ~  (xV dV) < + CO. 
T h i s  would impose a v e r y  s t r o n g  r e s t r i c t i o n  o n  t h e  s e q u e n c e  
{FV,  v  = 1 , .  . . I  . To a v o i d  impos ing  any  s u c h  c o n d i t i o n ,  r a t h e r  
t h a n  working  w i t h  t h e  FV a n d  F ,  w e  work w i t h  t h e  FV and  F  t h a t  
P P 
are t h e  Moreau-Yosida a p p r o x i m a t e s  w i t h  r e s p e c t  t o  x o f  t h e  FV 
and  F  r e s p e c t i v e l y ,  i .e.  
and 
The d e s i r e d  i n e q u a l i t y  i s  t h e n  o b t a i n e d  f o r  t h e  a n d  zV , t h e  
P CI 
( p a r t i a l )  Legendre-Fenchel  t r a n s f o r m s  o f  t h e  F  and  FV.  I t  i s  t h e n  
P P 
shown t h a t  
which a l l o w s  u s  t o  o b t a i n  (7 .8 )  w i t h o u t  a n y  c o e r c i v i t y  r e s t r i c t i o n s  
on  t h e  f u n c t i o n  FV and  F. 
W e  now r e t u r n  t o  t h e  c o r e  o f  t h e  p r o o f  o f  t h e  Theorem. To 
s a y  t h a t  t h e  {FV,  v  = 1 , .  . .) Mosco-converge t o  F  means t h a t  
The second  i n e q u a l i t y ,  t h r o u g h  ( 7 . 6 )  y i e l d s  
The f i r s t  i n e q u a l i t y  y i e l d s  
t h r o u g h  (7 .7 )  and  u s i n g  t h i s  t i m e  t h e  f o l l o w i n g  a rgumen t s  : t h e  
i n e q u a l i t y  es-1s F' 5 F i m p l i e s  
w i t h  G t h e  concave c o n j u g a t e  o f  F a s  i d e n t i f i e d  i n  t h e  diagram 
above ; and t h e n  G i s  used i n  t h e  c o n s t r u c t i o n  o f  - K (and G' f o r  
K V )  . The r e a s o n i n q  i s  t o t a l l y  symmetric. 
- 
There remains  t o  show t h a t  ( 7 . 5 )  i m p l i e s  (7.4 ) . By ex- 
p l o i t i n g  d u a l i t y  and t h e  f a c t  t h a t  w e  a r e  working w i t h  c l o s e d  
convex-concave f u n c t i o n s ,  one  can prove t h a t  it r e a l l y  w i l l  
* 
s u f f i c e  t o  show t h a t  f o r  a l l  { (xVlyv  ) , v  = 1,;. . . I  t h a t  weakly 
* 
converge  t o  ( x , y  w e  have 
v  * (7.10) F ( x t y * )  L l i m  i n f  F ( x V , y v ) .  
v+= 
* S i n c e  K L z y ( h s / e w - l i  xV) , w e  have t h a t  f o r  e v e r y  ( x , y  
2 sup  , y >  t. aY (hs /ew-l i  KV I] 
2 s u p  y e  Y t hs/ew-l i  i(Vl . 
Thus t o  p rove  (7.1 0  ) it s u f f i c e s  t o  show t h a t  f o r  any sequence 
* * 
( X ~ I Y ~ )  -3 ( x , y  ) and any y e Y  
v  * <y*,y> + h  /ew-li i? ( x , y )  6 l i r n  i n f  F  ( X ~ ~ Y , ) .  
s 
v+m 
Using t h e  d e f i n i t i o n  o f  epi/hypo-convergence,  i n  p a r t i c u l a r  o f  
hs/e;li P I  w e  see t h a t  t o  each xv x  w e  can  a s s o c i a t e  a  
s t r o n g l y  convergen t  sequence yv g y  such t h a t  
and t h u s  w e  o n l y  need t o  show t h a t  
* v  * cy ,y>  + l i m  i n f  xV (xV , y V )  S l i m  i n f  F ( x v I y v ) .  
v+OD v+Q) 
- 37- 
~ u t  t h i s  f o l l o ws  d i r e c t l y  from t h e  r e l a t i o n  
* * v  - 
F (xVrYv)  - SUPyc Y { < Y , ~ Y >  + ~ ~ ( x ~ . y l )  
* -v 
2 < Y V r Y v  > + K ( x v I y v ) .  
APPENDIX. 
We give here the proof that we take from [24] , of a 
diagonalization result used in the proof of Theorem 4.1. 
A . I .  LEMMA (Diagonalization). Suppose {av I L )  = I,...} is 
rCl 
a doubly indexed family of extended-reals numbers. Then there 
exists a map v 4 ~ ( v )  increasing such that 
( A . 2 )  lim sup lim inf av L lim inf av 
Cl +O0 v+w rCl V+W ,Cl(v) 
PROOF. Let us denote a = lim inf av 
Cl 
and a = lim sup a 
,.,+OD B+ +w CI 
If a = +w there is nothing to prove. So, let us assume that 
a < +- . By definition of a, there exists an increasing sequence 
{Clp; p = If2 ..a 1 I 
C l ~  
- +- such that 
P +- 
sup(- p, a + 2-') I a for all p 2 ~l 
Cl P 
By defirition of a there exists an increasing sequence 
Cl ' 
iv ; p = 1,2 ... 1, v - +w such that 
P p p++w 
sup(- p, a + z - ~ )  z av for all p c N. 
C l ~  pfClp 
Let us define ~ ( v )  - 
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From the two above inequalities, we derive 
lim inf av 6 lim inf isup (- p, sup (- p.a+~-~) + 2-~)] 
v+ +w .u(v) p++w 
[I] Glowinski ,  R . ,  L i o n s ,  J . L . ,  and T r 6 m o l i & r e s ,  R . ,  Analyse  
Num6rique d e s  I n k q u a t i o n s  V a r i a t i o n n e l l e s ,  Tome 1 ,  Dunod. 
[2] De G i o r g i ,  E . ,  and Spagnolo,  S . ,  S u l l a  convergenza  d e g l i  
i n t e g r a l i  d e l l ' e n e r g i a  p e r  o p e r a t o r i  e l l i t t i c i  d e l  2e o r d i n e ,  
B o l l .  Un. Mat. I t a l . ,  ( 4 )  - 8 (1973,  391-41 1 .  
[3] T a r t a r ,  L . ,  Cours P e c c o t ,  Mars 1979, C o l l e g e  d e  France;  
and Murat,  F., H-convergence, Seminai re  A l g e r ,  1977-78. 
[4] Fiacco ,  A . ,  and H u t z l e r ,  W . ,  Optimal v a l u e  d i f f e r e n t i a l  s t a b i -  
l i t y  r e s u l t s  f o r  g e n e r a l  i n e q u a l i t y  c o n s t r a i n e d  d i f f e r e n t i a b l e  
ma themat ica l  programs,  i n  Mathemat ica l  Programming w i t h  Data 
P e r t u r b a t i o n s ,  I ,  ed .  A. F i a c c o ,  Marcel  Dekker, New-York, 
1982, 29-44. 
[5] Z o l e z z i ,  T . ,  On t h e  s t a b i l i t y  a n a l y s i s  i n  m a t h e m a t i c a i  program- 
ming, Manuscrip,  IMA-Genova, 1981. 
[6] D e  G i o r g i ,  E . ,  Convergence problems f o r  f u n c t i o n a l s  and o p e r a t o r s ,  
i n  Recent  Methods i n  Nonl inea r  A n a l y s i s ,  P i t a g o r a  E d i t r i c e ,  
Bologna, 1979,  pp. 131-138. 
[7J k t t o u c h ,  H. , and Wets, R . ,  A convergence  t h e o r y  f o r  s a d d l e  
f u n c t i o n s ,  Trans .  A m e r .  Math. Soc. (1983) .  
[8:1 C a v a z z u t i ,  E.,  r -convergence  m u l t i p l e ,  convergexiza d i  p u n t i  d i  
s e l l a  e d i  max-min, B o l l .  Un. Mat. I t a l . ,  t o  a p p e a r .  
[9] Cavazzu t i ,E . ,  Alcune c a r a t e r i z z a z i o n i  d e l l a  r -convergenza  m u l t i -  
p l a ,  Manuscrip,  U n i v e r s i t a  d i  Modena, 1981. 
[10] Sonntag,  Y . ,  Convergence au  s e n s  de  U.  Mosco : t h 6 o r i e  e t  a p p l i -  
c a t i o n s  l ' a p p r o x i m a t i o n  d e s  s o l u t i o n s  d ' i n 6 q u a t i o n s I  These ,  
Univ. Provence ,  1982. 
-39- 
[ l l ]  D e  G i o r g i ,  - E . ,  a n d  F r a n z o n i ,  T . ,  Su un t i p 0  d i  c o n v e r g e n z a  
v a r i a z i o n a l e ,  A t t i  Acc. Naz. L i n c e i  ( 8 ) ,  58  ( 1 9 7 5 ) ,  842-850.  
S e e  also : F a s c i c o l o  d e l l e  d e m o s t r a z i o n i ,  S c u o l a  Normale  
S u p e r i o r e  d i  P i s a ,  May 1976 .  
[12] R o c k a f e l l a r , R . T . ,  A g e n e r a l  c o r r e s p o n d e n c e  b e t w e e n  d u a l  minimax 
p r o b l e m s  a n d  convex  p r o g r a m s ,  P a c i f i c  J. Mat h . ,  25  (19681 ,  
597-61 1 .  
[13] R o c k a f e l l a r ,  R .T . ,  Monotone o p e r a t o r s  a s s o c i a t e d  w i t h  s a d d l e  
f u n c t i o n s  a n d  minimax p r o b l e m s ,  i n  N o n l i n e a r  F u n c t i o n a l  A n a l y s i s ,  
e d .  F. Browder ,  Amer. Math Soc .  P r o v i d e n c e ,  1970 .  
[14] ~ o c k a f e l i a r  , R .  T. , Convex A n a l y s i s ,  P r i n c e t o n  U n i v e r s i t y  P r e s s ,  
P r i n c e t o n ,  1970 .  
[15] McLinden, L . ,  A minimax t h e o r e m ,  Math. O p e r a t i o n s  R e s . ,  
( t o  a p p e a r ) .  
[16] McLinden, L . ,  D u a l  o p e r a t i o n s  o n  s a d d l e  f u n c t i o n s ,  T r a n s .  Amer. 
Math. S o c . ,  179  (1973 ,  363-381. 
[17] E k e l a n d ,  I . ,  a n d  Temam, R . ,  A n a l y s e  Convexe e t  P r o b l h m e s  V a r i a -  
t i o n n e l s ,  Dunod, P a r i s ,  1974.  
[18] A u b in ,  J . P . ,  M a t h e m a t i c a l  me t hods  o f  game a n d  economi c  t h e o r y ,  
N o r th -Ho l l and ,  Amsterdam,  1979.  
[19] Mosco, U . ,  C o n v e r g e n c e  o f  convex  sets a n d  o f  s o l u t i o n s  o f  var ia-  
t i o n a l  i n e q u a l i t i e s ,  Advances  Math . ,  3  (1969h 273-299. 
[20] ~ t t o u c h ,  H . ,  F a m i l l e s  d t o p 6 r a t e u r s  maximaux monotones  e t  mesura-  
b i l i t 6 ,  A n n a l i  d i  Matematica p u r a  e d  a p p l i c a t a  ( I V )  , CXX ( 1  979)  , 
35-111. 
[21] Wijsman, R . ,  C o n v e r g e n c e  o f  s e q u e n c e s  o f  convex  sets, c o n e s  a n d  
f u n c t i o n s ,  11, T r a n s .  Amer. Math.  S o c . ,  1 2 3  ( 1 9 6 6 ) ,  32-45. 
[22] ~ o l y ,  J . L . .  , Une f a m i l l e  de t o p o l o g i e s  e t  de  convergences  sur 
l ' ensemble  d e s  f o n c t i o n e l l e s  convexes ,  ThGse Grenoble ,  F r a n c e ,  
1 9 7 0 .  
[23] Attouch,  H . ,  and Wets, R . ,  Convergence of  convex-concave s a d d l e  
f u n c t i o n s ,  t o  a p p e a r .  
[24] At touch ,  H . ,  V a r i a t i o n a l  Convergence f o r  F u n c t i o n s  and O p e r a t o r s ,  
Research Notes  i n  Mathematics,  P i t t m a n ,  London, t o  a p p e a r .  
